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1. Let f: R™ — R be defined by

ai .a2 a
{El :L'2 e "

f(xl"”’x”):xl{1+...+;%n for (x1,...,2,) #(0,...,0) and f(0,...,0) =0,

where a;’s are positive integers and b;’s are even positive integers. Determine
precisely all the a;’s and b;’s for which f is discontinuous at 0.

Solution: Writing b; < by < --- < b,, we claim that f is discontinuous if and
only if 377" % < 1.
Write ¢ = >0, ¢ and g = 28" + -+ xbr. Then
1z xhn oo
f: 1—c alb anb 290711_[ a-lb-'
g gl/l g'n/'n iZIgz/z
If ¢ <1, then for any t > 0,
f(tl/bl tl/bn) — tc — tc*l
T nt on
Therefore, when ¢ < 1, the above does not tend to f(0,---,0) = 0 which means
f is discontinuous at 0.
Conversely, suppose ¢ > 1. As
L L —1,
gai/bi ($?i>ai/b¢
we have
|f($1, e 71771)’ < 9671'
The RHS above tends to 0 as (zy,---,x,) — 0 because ¢ > 1. Hence, f is

continuous at 0.

2. Let G be a group in which exactly two elements (different from the unit element)
are commuting. Show that G is isomorphic to either Zs or Ss.
Solution: Since G is a group in which exactly two elements (different from the
unit element) are commuting, G has at least 3 elements. If all the elements of G
have order at most 2 then G is abelian and contains at least 4 elements, hence it
does not satisfy the hypothesis of the problem.

Therefore G contains elements of order at least 3. Let a € G with o(a) > 3.
If o(a) > 3 then a,a? a® are distinct and commute with each other. Hence
it contradicts the hypothesis of the problem. Hence, o(a) = 3. It follows that
a+#a®and a-a®=a®-a, so a and a? are the two elements that commute.



Let H = {e,a,a*}. If G = H then G is isomorphic to Z3 and we are done. If
G # H, then every element of G \ H must have order 2. (If it has an element of
order 3, then it will contradict the hypothesis.)

Let b € G\ H. If x € G\ H, then both b and x are elements of order 2. If
br € G\ H, then (bx)? = e = b*x?. Hence, bx = xb, a contradiction. Hence,
bx € H and x € bH, as o(b = 2.) Therefore every element of G \ H is in bH and
bh C G\ H. Hence, G contains exactly 6 elements. Further, G is a non-abelian
group and hence G is isomorphic to Ss.

1
. Let ag, b € [0,1],a, = / max{z, b,_1 }dz and b, / min{z, a,_ 1 ydr,n > 1.

Find the limit of the sequence {a, + b,}, if it exists.

bo ! 1+ 02
Solution: Assume that 0 < ag,by < 1. Then a; = / bodzx +/ rdr = 0
0 bo

2

ag 1 2
a
and b; = / rdx + / apdxr = ag — EO' By induction, it can be shown that
0 ag

(a) 0 <ay,b, <1 for each n,

1+ 02 a?

(b) apy1 = and b,,1 = a, — 7” for each n.

(c) Since the integrands lie in [0, 1], we have

0<a, <1, 0<b, <1
Also,

1

a, — b, = / (max{z, b,_1} — min{z, a,_1}) dz > 0,
0
hence
b, <a, for alln.
(d) Assume that lima, = a and limb,, = b Then from the above recurrence

relation, we get a = ”b and b = a — %. Therefore, b =1+ a.

(e) Since min(z,a,_1) < x, it is clear that b, < 1/2 and max(z,b,_1) < = we
have a,, > 1/2 for every n > 1. That is, b, < 1/2 < a, for all n, so that
b<1/2<a.

Hence, b = 1 + a is not possible. Thus a +b = 1.

Alternatively, define T : [0,1] x [0,1] — R? by

b — ( /0 ' max(z,b) d. /0 ' min(z. a) dm)

Define the sup norm on R%:

(@, b)[|oc = max{]al, [b]}.

1 b 1 1 b2
:/ max(x,b)dx:/ bdx—i—/ rdr = + :
0 0 b 2

Then




(12

1
Ty(a) = / min(z,a) dr = a — 5}
0

Thus,

2 2
T(a,b) = (1+b : a—a—).
2 2
Let (al,b1>, (CLQ,bQ) S [0, 1]2

Then ) )
by — by
2

1
= Slb1 = b [br + o).

T1(b1) — T1(ba)| =

Since by, by € [0, 1], we have |by + bs| < 2. Hence,

T1(b1) = Ta(b2)| < [by — ba.

Also,
ay — Gy

2

To(ar) — Ta(az)| = (a1 — az) —

2 2 ‘

ap + as
2

:|a1—a2| 1—

Since ay, as € [0, 1], we have:

a1 + as

0<
B 2

<1l = ‘1—

Hence,
T3(a1) — To(az)| < |ar — ayl.

Thus,

|T(a1,b1) — T'(ag, b2)||o = max {|T1(b1) — T1(b2)], [T2(a1) — Ta(az)|}

< max{|b; — ba|, a1 — as|} = (a1, b1) — (a2, b2)]o0

Further,
Tib)=b<1, Tya)=1—-a<1

In fact, on [0, 1], both derivatives are strictly less than 1 except at endpoints, so
there exists k£ < 1 such that:

1T (ay, 01) = T(as, bs)loo < Kll(ar, b1) = (a2, b2)l|o

Hence T is a contraction on [0, 1)%.

By Banach’s contraction principle, there is unique (a,b) € [0, 1]* such that

(a,b) =T(a,b)



1+ b2 a?
= , b:a——
2 2

a

Substitute b = @ — £ into the first equation:

2
2
1—|—(a—§>

a = 9

Solving, we obtain

a=2-v2, b=+v2-1

The unique fixed point is

(avb):<2_\/§7 \/5_1)

Also,
2-vV2)+(V2-1)=1

Let ag,by € [0,1]. Then T(an,b,) = (ani1,bni1), so that lim T(a,,b,) =

n—oo

lim (@p11,bn41). Therefore, T'( lim ay,, lim b,) = (lim a,41, lim b,41) = T(a,b) =

n—00 n—00 n—00 n—00 n—00

(a,b). Thus, (a,b) is the unique fixed point of 7', where a = lim a,,b = lim b,.
n—oo n—oo

. Define a function f : R +— R as follows:

(a) f(p) = product of greatest and least roots of ¢(x) = 23 — 3x — p, if q(x) has
three real roots.

(b) f(p) = the square of the real root if ¢(x) has only one real root.

Determine the minimum value of f(p) as p varies over all real numbers.
Solution:

(a) Let 23 — 3z —p = (x — a)(z — b)(z — ¢) and a < b < ¢. Therefore, f(p) = ac.
We have, a + b+ ¢ = 0,ab+ bc + ac = —3 and abc = p. Since a + ¢ = —b, we get
—3 = ab+ bc+ ac = b(a + ¢) + ac = —b* + ac. Therefore, f(p) = ac = bv* — 3.
Hence f(p) > —3 and f(p) = —3 if b = 0. But if b = 0, then p = abc = 0. Then
we get, 23 — 3z = 0, which gives 2 = 0, 4+/3. Thus, f(p) = —3.

(b) Let 2° — 3z —p = (z —a)(z* + gz +r), where ¢* —4r < 0. We have —a+¢q =0
and r —aq = —3. Now, f(p) = a* = aq =r + 3. Since ¢* — 4r < 0, we get r > 0.
Therefore, f(p) > 3. Hence the minimum value of f(p) = —3.

. What are all possible ways to fill in the blanks with single digits such that the
following sentence is true?

"In this sentence, the number of occurrences of the digit 0 is , of the digit 1
is , of the digit 2 is , of the digit 3 is , of even numbers is , of odd
numbers is , and of prime numbers is__.”

Solution: We show that the only two solutions are (1,2,3,2,6,5,6) and (1,2,3,2,5,6,7).
Let us call the digits to be filled in the blanks as (ag, a1, az, as, ey, Godd; Aprime)-
From the four built-in digits, we have ag, aq, as,a3 > 1 and the other three are
all > 2. Therefore, ag = 1,a7 > 2 and a,qq > 3. Since e, + Aogqg = 11, they
have the opposite parity. Thus, there is at least one more each of odd and even



entries. That is, ae, > 3 and a,qq > 4. Now the five possibilities for (e, aoqq) are
(3,8),(4,7),(5,6),(6,5) and (7,4). In each of these pairs, exactly one of them is
a prime number. Therefore, aprime > 3. If aprime = 3, this would be the fourth
prime in the statement; hence appime > 3.

Now as and ag are the only remaining places where the digit 1 can occur. Thus
a; < 4. If a; = 4 then there are three remaining primes, counting the one from
(Gew, Goaq) but not the value of aypime. But then apime = 4 would give a contra-
diction as there would be only three primes, and any other value of @, would
be too large.

Thus, we have a; < 3. Suppose a; = 3; we will derive a contradiction.

If a; = 3, then a3 > 2. We claim az > 3 because if a3 = 2, then a; > 2 and
we cannot have a; = 3. We claim that a3 = 3; else a3 > 4 and we would have
Aprime = S Which is not true as we will have more than three primes then. Thus,
a3 = 3 and we would have five primes, counting the one from (a.,, Goqq) but not
the value of apyime. But, if aprime = 5, we would have six primes, and if appime = 6,
we would have five primes. This is a contradiction from which we deduce that
a1 < 3 and hence a; = 2.

So ay > 3. If as = 3, we would have three “2”’s which is a contradiction showing
that as > 3. Since only ag = 2 allows us to have a third “2”, we must have both
a3 = 2 and as = 3. Now there are six primes counting the one from (a.y, Goqq) but
not the value of apyime. Therefore, ayrime = 6 or 7 and we get the two solutions

(a07a17a2aa3aaevaaodd7apm'me) - <1a2737276a576) ) (172737275a67 7)
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1. Let {z,} be a sequence of real numbers defined by x; = 1 and

2

n®> x,
$n+1:—+—2+2

Tn N

1
for all n > 1. Prove that lim (z,, —n) = 3
n—oo

Solution: Define
n? _ (n—1/2)?

R N Y

for all n > 1.
We show by induction that a, < x, < b, for all n > 3.
Observe that ag = 18/3 < x3 = 4 < 25/6 = bs. Suppose a,, < z, < b,.
Consider the functions
"y,
faly) = Y +n2+ :



Observe that

y? —nt

fr(w)

Note that f,,(y) is decreasing on the interval (0,n?) and a,,, b, € (0,n?) for n > 3.
Thus, by induction

It remains to show that a,.; < f,(b,) and fn(an) < bpyq.

n®> a, 1
Note that fu(a,) = —+ = +2=(n—1/2) + ———= +2=byy1.
n

n2y2

n?> b, (n+ 1)
Note that f,(b,) — apni1 = b + = PRy

B 16n% +8n? —6n +1
© 2n2(2n —3)(2n — 1)2(2n + 1)
Therefore a,11 < xpy1 < byy1. Hence a, <z, < b, for all n > 3.

> 0 for all n > 3.

1
We now show that lim (a, —n) = lim (b, —n) = =.
n—00 n—00 2

and b, —n = n/2 — /4

2n —1 n—3/2
Hence by Sandwich principle,

Observe that a,, — n =

. : . 1
o =) = (e =) = e —n) =5

. Anand is going to play two games of chess with an opponent whom he has never
played against before. The opponent is equally likely to be a beginner, intermedi-
ate, or a master. Depending on which, Anand’s chances of winning an individual
game are 90%, 50% or 30%, respectively. Assume that, given the skill level of the
opponent, the outcomes of the games are independent. Given that Anand wins
the first game, what is the probability that he will also win the second game?

Solution: Let Wj be the event of Anand winning the first game. By the law of

. . . 1
total probability, Prob(W;) = 09+05+0.3 _ —7
3 30
Let W5 be the event of Anand winning the second game. Thus we have Prob((W,|W;) =
PI‘Ob(WQ N Wl)
Pl"Ob(W1>
The Law of total probability gives Prob(Wy N W) by

1
=3 (Prob(Wy MWy | beginner) + Prob(W,; N W, | intermediate) + Prob(Ws N ) | master)) .

Since W7 and W, are conditionally independent given the skill level of the oppo-
1 23
nent, the above equals 5( (0.9) +(0.5)2 +(0.3))) = 50 This gives the required
23 30 23
bability = — x — = —.
probability = = x - = 27
. Let us write Zio = {0,1,...,11}. A triad (a,b,c) is a three-tuple of distinct
elements of {0,1,...,11}. Two triads (a,b,c) and (a’,¥',c) are defined to be
equivalent either if (a,b,¢) = (a/, V', ¢) or if there is k € Z such that o' = (a + k)
(mod 12), ¥/ = (b + k) (mod 12), ¢ = (¢ + k) (mod 12). Find the number of



equivalence classes of triads.

Solution:The equivalence class of a triad (a, b, ¢) = {(a+k mod 12, b+k mod 12, c+
k mod 12) : 0 < k < 11}. All these elements (a + k£ mod 12,0 + k mod 12, ¢ +
k mod 12) are distinct and hence the size of each equivalence class is 12. Since
there are 12 x 11 x 10 = 1320 triads, the number of equivalence classes is
1320/12 = 110.

. Let f(x) be a monic polynomial of degree n with distinct real zeros, say
a; < ag < -+ < ap. Let §(f) = min(a; — a;—1). Show that §(f') > §(f).
Solution: We have f(z) = (x — a1)(x — as) - - - (x — a,). Then

fllz) ~ 1
fla) 2 (z — a)

k=1

f'()
f(z)

Let g(x) = . Suppose yy and y; are real numbers such that, for some j,

Yo < a; < y1 < yo+9(f)

Then we have y; — yo < §(f) < a;21 — a; Vi. Hence for 1 < i < j — 1, we have

Yo — a; >y — a1 > 0 and so < . Similarly, for j <i<n —1,
Yo — a4 Y1 — Q41 .

we have 0 > yp — a; > y1 — a;41 and again < )
Yo — Q; Y1 — Qiy1

<0< .
Yo — an Yy1—a
Adding these inequalities we get that g(yo) < g(v1)-

Now suppose 4o, y1 are the roots of f" with yo < y1. Then g(yo) = g(y1) = 0 and
there exists j such that yo < z; < y1. So we cannot have y; < yo + d(f). Thus

y1 — yo > 0(f) implying that 6(f") > 4(f).
(a) Let A, B be 2 x 2 matrices with entries complex numbers. If
A% 4+ B%* = 2AB, prove that AB = BA and Trace (A) =Trace (B).

(b) If the entries of A and B are from Z,, and if A2+ B? = 2AB, is it true that
AB = BA? Justify.

(c) If A, B are 3 x 3 matrices with entries complex numbers satisfying
A% — B3 =3(A’B — AB?), is it true that AB = BA? Justify.

Solution:

Finally, yo — a, < 0 < y; — aq, so

(a) We first show that A and B have same eigenvalues. Suppose A is a an
eigenvalue of B with associated eigenvector v € C". Thus we have Bv = \v
and B?v = A\?v. So the given equation A? —2AB + B? = 0 implies

0= (A? - 2AB + B*)v = (A? — 20 Av + \%v) = (A — X))

Thus A is an eigenvalue of A.

By taking the transpose of the given equation, it follows that an eigenvalue
of A is also an eigenvalue of B. As the matrix is of the size 2 x 2, the
multiplicities of the eigenvalues also coincide (one eigenvalue of multiplicity
2 or two eigenvalues, each of multiplicity 1). Thus Trace(A) = Trace(B).
(in fact the characteristic polynomials of A and B are equal).



Now by the given equation, we have (A — B)?> = AB — BA. Thus Trace(A —
B)? = 0. We also have Trace(A — B) = 0. Thus we get that (A — B) is
nilpotent and hence AB — BA = (A — B)? =0.

If the entries are in Zo, it is not true that the given equation implies the

commutativity of A and B. For example, let A = (1 1) and B = <1 0).

0 1 11
01 11
Then AB = (1 1), BA = (1 0) and

00
2 2 _
A+B—<O 0).

No. The conclusion does not hold under the given assumption. Choose A, B
as follows:

01
A=10 0
0 0

o = O

00
and B=10 0
00

o O




